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ABSTRACT Estimation of population abundance is a common problem in wildlife ecology and

management. Capture-mark-reencounter (CMR) methods using marked animals are a standard approach,
particularly in recent history with the development of innovative methods of marking using camera traps or
DNA samples. However, estimates of abundance from multiple encounters of marked individuals are biased
low when individual heterogeneity of encounter probabilities is not accounted for in the estimator. We
evaluated the operating characteristics of the Huggins logit-normal estimator through computer simulations,
using Gaussian–Hermite quadrature to model individual encounter heterogeneity. We simulated individual
encounter data following a factorial design with 2 levels of sampling occasions (t ¼ 5, 10), 3 levels of
abundance (N ¼ 100, 500, 1,000), 4 levels of median detection probabilities (p ¼ 0.1, 0.2, 0.4, 0.6) for each
sampling occasion (on the probability scale), and 4 levels of individual heterogeneity (sp ¼ 0, 0.5, 1, 2; on the
logit normal scale), resulting in a design space consisting of 96 simulation scenarios (2  3  4  4). For each
scenario, we performed 1,000 simulations using the Huggins estimators Mt, M0, MtRE, and M0RE, where the
RE subscript corresponds to the random effects model. As expected, the Mt and M0 estimators were biased
when individual heterogeneity was present but unbiased for sp ¼ 0 data. The estimators for MtRE and M0RE
were biased high for N ¼ 100 and median p  0.2 but showed little bias elsewhere. The bias is attributed to
the occasional sets of data that result in a low overall detection probability and a resulting highly skewed
^ . This result is confirmed in that the median of the sampling distributions was only
sampling distribution of N
slightly biased high. The random effects estimators performed poorly for sp ¼ 0 data, mainly because a log
link function forces the estimate of sp > 0. However, the Fletcher ^c statistic provided useful evidence to
evaluate sp > 0, as did likelihood ratio tests of the null hypothesis sp ¼ 0. Generally, confidence interval
coverage of N appears close to the nominal 95% expected when the estimator is not biased. Ó 2017 The
Wildlife Society.
KEY WORDS abundance estimation, capture-mark-reencounter, Huggins estimator, individual heterogeneity, Mh,
numerical integration, Program MARK.

Estimation of abundance (i.e., no. of individuals in the
population over a sampling interval) is of interest in ecology
and conservation management, and the literature devoted to
the estimation of abundance based on (live) capture-markreencounter (CMR) data is large, and often technically
challenging (Schwarz and Seber 1999, Borchers et al. 2002,
Williams et al. 2002, Royle et al. 2013). However, under the
binomial assumption that encounter of any individual in a
population is independent of the detection of any other
individual, virtually all estimators of population abundance
(N) for closed populations (where abundance is constant over
the sampling interval; no net movement in or out of the
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population) have the following simple canonical form
(Williams et al. 2002):
^ ¼n
N
p

where n is a count (related to the no. of unique individuals
caught in some group at some point in time), and p is the
probability of encounter related to the count. The count n is a
minimum estimate of population abundance, and is adjusted
to account for the possibility that the probability of detection
during any sampling event is <1 (i.e., to account for the fact
that the count n generally does not include all individuals in
the sample); in most situations, some individuals present in
the population, and available for detection, go undetected
during a sampling event, with probability 1  p.
There are underlying challenges to the estimation of
abundance in the presence of heterogeneity of individual
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capture probabilities. If one were to take a strict random
sample from a closed population (i.e., such that all
individuals have the same probability of being included
in the sample), one would expect the estimate of abundance
to be unbiased (although a particular estimator might lead
to bias under some circumstances; Seber 1982, Borchers
et al. 2002). In the case of individual heterogeneity in the
probability of encounter, where in the limit each individual i
in the population has a unique encounter probability, pi,
negative bias in estimates of abundance is expected
(Burnham and Overton 1978, 1979; Seber 1982; Rosenberg
et al. 1995; Chao 2001). Individuals with high detection
probabilities would tend to appear in the encountered
sample in greater proportion than they occur in the
population. This results in the estimated average encounter
probability of encountered individuals tending to be greater
than the true population average encounter probability.
Thus, the denominator in the canonical estimator for
abundance is generally biased high in the presence of
individual heterogeneity, and the resulting estimate of
abundance is biased low. This will be especially true in
situations where the overall mean encounter probability is
low; when the overall mean encounter probability is high,
then even individuals with relatively low encounter
probability are likely to be encountered at least once during
the sampling period.
We illustrate the relationship between the mean and
variance in individual encounter probabilities and the
negative bias in estimated abundance, by a simple numerical
example. Consider a population consisting of N ¼ 100
individuals. Assume the population has no heterogeneity in
p, such that all individuals have the same probability of
encounter, say, p ¼ 0.3. If we assume p is constant over t
sampling occasions, then we would expect p ¼ 1  (1  p)t
to be the probability than an individual is encountered at least
once, and thus we would expect to encounter N  p unique
individuals over t occasions. If t ¼ 5, then the expected value
for p ¼ 1  (1  0.3)5 ¼ 0.83193, and therefore we would
expect to encounter 83.193 individuals out of N ¼ 100 at
least once over t ¼ 5 samples (the non-integer expectation is
based on a conceptual set of replicates).
Now, consider the same population of N ¼ 100 individuals,
but in this case, we assume there is discrete heterogeneity
among individuals in encounter probability. Assume that 50
individuals have a true encounter probability of plow ¼ 0.1
and the remaining 50 individuals have a higher encounter
probability, phigh ¼ 0.5. The population mean encounter
probability is p ¼ 0:3 (so, the same overall mean as in the first
scenario, but now with heterogeneity among individuals). In
this case, plow ¼ 0:40951, and phigh ¼ 0:96875. Thus, over
t ¼ 5 samples, we would expect to encounter 20.4755 of the
50 low p individuals at least once, and 48.4375 of the high
p individuals. Or, 68.913 total unique individuals, which (by
Jensen’s inequality; McShane 1937) is slightly negatively
biased with respect to the expected number encountered in
the previous example without heterogeneity (83.193),
despite the same population mean encounter probability
in both cases.
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The expected encounter probability averaged over the true
probabilities for those individuals encountered in the sample
will be
psample ¼

ð20:4755  0:1Þ þ ð48:4375  0:5Þ
¼ 0:38115
20:4755 þ 48:4375

which as anticipated is biased high, relative to the population
mean p ¼ 0:3: Thus, the expected psample ¼ 1 
ð1  0:38115Þ5 ¼ 0:90923 for the encountered sample for
t ¼ 5 occasions. Our abundance estimate (based on the
sampled individuals) is N ¼ (68.913/0.90923) ¼ 75.792,
which is strongly negatively biased with respect to true
N ¼ 100. This negative bias in estimated abundance is a
general result, and is not an artifact of the structure of the
example: if one uses a model that assumes equal encounter
probabilities among individuals, the estimates of population
abundance will generally be too low (negatively biased) if, in
fact, there is heterogeneity in encounter probabilities.
The magnitude of the bias can be substantial, and is a
function of the population mean detection probability, E(p),
and variance, Var(p), in individual encounter probability
(Fig. 1). Following Royle and Dorazio (2008), the expected
value of the encounter probability for encountered individuals, assuming the variation is continuous Gaussian around
the mean, is given as
E½ pjcaptured ¼

VarðpÞ
þ EðpÞ
EðpÞ

Under conditions of individual heterogeneity (i.e., when
Var(p) > 0) the ratio Var(p)/E(p) > 0 and thus the expected
value of the encounter probability for encountered individuals will be biased high, relative to the mean encounter
probability of the population. For a given mean encounter
probability, E(p), as the variance in individual heterogeneity,
Var(p), increases, the denominator, and thus the proportional magnitude of the negative bias between estimated and

Figure 1. The magnitude of the negative bias in expected abundance with
respect to true N ¼ 100, for a scenario where we assume 2 discrete classes of
individuals with different encounter probabilities (i.e., low, high), where the
overall mean (E(p)) and variance differed between the 2 classes (e.g.,
plow ¼ 0.2, phigh ¼ 0.4: mean ¼ 0.3, variance ¼ 0.02). Bias was calculated
assuming that both classes of low and high encounter probability individuals
were in equal abundance at the start of t ¼ 5 sampling occasions, and that the
individual probabilities of encounter were constant over time.
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true abundance, increases (Fig. 1). Conversely, for a given
variance, Var(p), the proportional magnitude of the bias
tends to decrease with increasing mean encounter probability, which, of course, makes perfect sense—as the encounter
probability increases, the probability of all individuals in the
population being encountered at least once approaches 1.0
(at a rate proportional to the number of sampling occasions),
with bias in estimated abundance approaching 0. The worstcase scenario clearly involves high variance in individual
encounter probabilities, and low mean encounter probability
overall. In such cases, the magnitude of the negative bias may
be very high.
Largely because of concerns of the effect of individual
encounter heterogeneity on bias in abundance estimate,
deriving models for estimating abundance from closed
populations that account for individual heterogeneity has
been of historical interest, and has generally proven difficult.
The underlying conceptual challenge is straightforward.
Consider the situation where each individual i has a unique
probability of encounter, p (p1, p2,. . ., pN ¼ {pi} over N
individuals in the population). Imagine an inference model
where we attempted to estimate each individual pi. Such a
model would completely account for heterogeneity among
individuals. However, estimation of a time-specific encounter probability for individual i over time step t to t þ 1
requires inference about a binomial parameter based on a
single Bernoulli trial. Based on whether the individual is
encountered or not at time t þ 1, we must somehow estimate
the underlying probability of encounter, and there is simply
not enough information in this single observation (adopting
a frequentist paradigm) to allow us to do this in a robust way
(i.e., we are attempting to estimate an individual parameter
based on an effective sample size of 1).
As such, we are generally left constructing a model that
represents a compromise between one where we assume no
heterogeneity in encounter probabilities, and a fully saturated
model, where pi is inestimable for each individual. There
have been 2 fairly distinct, but not mutually exclusive,
approaches to development of such intermediate models.
The first considers models where the source of the
heterogeneity among individuals is assumed observable,
and can potentially be accounted for by 1 individual,
measurable covariates—some individual trait that influences
the detection probability of that individual. The individual
covariate approaches have the advantage of potentially
informing as to the underlying causes of the heterogeneity in
encounter probability, in addition to reducing bias in
abundance estimators. For some taxa, identifying plausible
covariates that might induce encounter heterogeneity is often
straightforward. For example, fish of a certain size are more
likely to be encountered if their size is at least as large as, say,
the mesh size of the net used to encounter samples than
would smaller fish. In other cases, heterogeneity induced by
the spatial interaction of a trapping grid with individual
differences in distribution and movement over the landscape
might be accommodated by explicitly modeling the spatial
attributes of the encounter process (Efford 2004, Efford and
Fewster 2013, Royle et al. 2013).
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Alternatively, there is a class of models where individual
heterogeneity in encounter probability is unobservable (i.e.,
not modeled as a function of 1 factors or covariates), and is
modeled as an individual random effect. Such models are
very general because they do not require specification of the
possible source(s) of the heterogeneity. Instead, they posit a
parametric probability distribution for {pi} (i.e., the set {pi} is
a random sample of size N drawn from some probability
distribution), and use appropriate methods of parametric
inference. Such models can be broadly classified in terms of
whether the distribution of individuals is modeled as either a
discrete- or continuous-mixture, where the population is
implicitly a mixture of individuals with different probabilities
of encounter. Norris and Pollock (1996) and Pledger (2000,
2005) proposed discrete-mixture models where each
individual pi may belong to one of a discrete set of classes
(recently reviewed by Pledger and Phillpot 2008); because
the discrete set of classes is finite, these models are often
referred to synonymously as finite-mixture models. Such a
discrete, finite-mixture model was the basis for the examples
presented earlier. Models based on finite-mixtures generally
consist of a discrete number of binomial components,
although mixtures of binomial and beta-binomial distributions have recently been proposed by Morgan and Ridout
(2008). Alternatively, the mixture distribution can be
continuous infinite (Burnham and Overton 1978, 1979,
Dorazio and Royle 2003). A commonly used distribution
is the logit-normal (Coull and Agresti 1999), where
individuals pi are drawn from a normal distribution (on
the logit scale) with specified mean m and variance s2, that is,
logit(pi) N(m, s2). In this paper, we consider continuous
mixture models, based on the logit-normal distribution.
In principle, the construction of an unobservable heterogeneity model is straightforward. We seek to model the
distribution of the data (number of unique individuals
encountered, n, and how many individuals
were encountered
P
yf times, where f ¼ 1,. . .,t, where tf ¼1 yf ¼ n), typically as
functions of both N and p. Following Seber (1982), and
assuming for simplicity that the encounter probability p is
constant over time and identical for all individuals, the
likelihood for N and p can be written as a product
multinomial of the binomial probability of each encounter
frequency, y, such that


L N ; pjy1 ; . . . ; yt ¼


N m
y
N!
Ptj¼1 pj j 1  Stj¼1 pj
ðN  mÞ!

P
where m ¼ tj¼1 yj is the number of individuals observed at
least once (i.e., traditionally denoted as Mtþ1), and pj is the
binomial probability mass function for a given encounter
frequency,
pj ¼

y
j

!


yj
pj 1  p

Heterogeneity is modeled by conceiving the encounter
probability for each individual i as drawn as a random
sample from some continuous probability density function,
g, with moments specified by the parameter vector u (the
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same idea applies in principle for discrete probability mass
functions):
pi

 
g pju

To accommodate this heterogeneity, the cell probabilities p
of each encounter frequency yf are marginalized (i.e.,
averaged) over all realizations of the random distribution,
g, by integrating over the joint probability of the binomial
encounter process given p, and the probability density for
p (frequently referred to as integrating out the random effect)
using the random encounter probability:
Z

1

pn ¼ Pr½y ¼ n ¼



  
njt; p g pju d p

0

Analytical solutions for these marginalized cell probabilities
are available in only a few instances, including finite-mixture
models. In general practice, the integration must be carried out
numerically. In a seminal paper on modeling individual random
effects in CMR models, Royle (2008) used Markov chain
Monte Carlo (MCMC) algorithms in a Bayesian framework
that directly generate (by numerical simulation) random values
from a Markov chain whose stationary distribution is the
posterior distribution of the parameters under interest.
Although Monte Carlo resampling is increasingly popular
for problems involving analytically intractable integrals,
MCMC in general, and not specifically in a Bayesian
context, is typically many order of magnitudes computationally slower than other numerical methods, which makes
it difficult, and in many cases, entirely intractable, to
thoroughly assess estimator performance in terms of bias and
precision. An alternative to MCMC for the numerical
integration of random effects, using Gaussian–Hermite
quadrature (Liu and Pierce 1994, Givens and Hoeting 2005),
has been proposed by McClintock et al. (2009) and Gimenez
and Choquet (2010). The Gaussian–Hermite quadrature
approach approximates the integral of functions that can be
written as Hermite polynomials by constructing a grid of
points at which the likelihood function is evaluated. As
discussed by Gimenez and Choquet (2010), integration by
Gaussian–Hermite quadrature is very robust under the
assumption that the random effect is Gaussian (we revisit
this assumption in the discussion), and computationally is
much more efficient than approaches based on Monte Carlo
sampling. Further, because Gaussian–Hermite integration
can be embedded in a classical likelihood-based modeling
framework, we can use established methods for goodness-offit testing and model selection to evaluate the relative
performance of different heterogeneity models in estimating
abundance from closed population encounter data.
We conducted a series of numerical simulation experiments, assessing the performance of models for the
estimation of abundance from closed population encounter
data, using Gaussian–Hermite quadrature to numerically
integrate out the effects of random heterogeneity in
individual encounter probability that we simulated in our
encounter data. We evaluated several measures of the bias
and precision of estimates of abundance, for different
amounts of heterogeneity in the simulated population.
White and Cooch
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METHODS
Our approach was to 1) simulate closed population
encounter data, where individual encounter probabilities
were randomly drawn from a logit-normal distribution
specified by a known mp and sp; 2) fit each simulated data
set with a set of approximating models, based on the
conditional likelihood for abundance estimation described
by Huggins (1989, 1991) and Alho (1990), where individual
heterogeneity in the encounter probability was numerically
integrated out of the marginal likelihood using Gaussian–
Hermite quadrature; and 3) compare and contrast various
statistics derived from the distribution of the parameter
estimates collected over the set of simulations, with the
true values of the parameters used in generating the
simulated data.
Huggins Random Effects Estimator
The Huggins random effects estimator is based on the CMR
estimator conditioned on individuals encountered 1 time
(Huggins 1989, 1991; Alho 1990). We consider only the
Huggins estimator in this study because it has the potential
advantage of also allowing the inclusion of individual
covariates in the analysis.
The Huggins estimator is extended by including an
individual random effect for the encounter probability (pik) of
each individual i constant across occasions k ¼ 1,. . ., t on the
logit scale following McClintock et al. (2009) and Gimenez
and Choquet (2010):
logitðpik Þ ¼ bk þ ei

with bk a fixed effect modeling time, and ei a normally
distributed random effect with mean zero and unknown
variance s 2p :Hence
pik ¼

1


1 þ exp ðbk þ s p Z i Þ

where Zi N(0, 1). Therefore, individual i on occasion k has
the probability of being encountered
Z
pik ¼

þ1
1

1
 
 wðZ i Þd Zi
1 þ exp  bk þ s p Z i

where wðZ i Þ is the probability density function of the
standard normal distribution. The estimate of population
^ , is obtained following Huggins (1989) as the
abundance, N
summation across animals encountered 1 time,
N ¼

 
M
tþ1
X
1
i¼1

pi

where
pi

Z
¼1

þ1

1

Pki¼1

!
1
 
 wðZ i Þd Zi
1 þ exp  bk þ s p Z i

(i.e., the probability of being detected 1 time during the t
occasions).
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Because this integral does not have a closed form, the
likelihood must be integrated numerically using Gaussian–
Hermite quadrature (Givens and Hoeting 2005, McClintock
et al. 2009, Gimenez and Choquet 2010). This estimator is
implemented in Program MARK (White and Burnham
1999, White 2007) with a default of 101 quadrature points.
Evidence of Overdispersion
An important issue with individual heterogeneity in closed
encounters population estimation is deciding whether there is a
significant overdispersion in the data, justifying fitting of an
individual random effects model. Typically, estimating overdispersion ð^c Þ from the observed number of individuals
associated with each possible encounter history is complicated
by the large number of encounter histories with very low
expected frequencies, especially when the average encounter
probability is low. Commonly, an estimate of overdispersion is
based on Pearson’s x2 lack-of-fit statistic. Fletcher (2012)
proposed a new estimator with smaller variance,
^c ¼

^c x
1 XH yi
; wherer ¼
i¼1 h
^i
H
r

Here,^c x is the estimator of overdispersion based on the Pearson
x2 statistic (i.e., the Pearson x2 statistic divided by the degrees
of freedom, where sp is included in the parameter count for the
random effects models because it is an estimated parameter
(D. J. Fletcher, University of Otago, personal communication)
following Sandland and Cormack 1984, Cormack 1989), yi
^ i are the observed and expected number of individuals
and h
with encounter history i, and H ¼ 2t  1 is the number of
observable histories over t occasions.
One of the problems with using Pearson’s statistic for
^ i , which
sparse data is that the ith term involves dividing by h
will often be very small. The new estimator makes an
allowance for this because the ith term in the denominator
^ i . Simulations suggest that this
also involves dividing by h
new estimator also performs better than those based on the
deviance.
Simulations
We simulated individual encounter data using a generating
model with no temporal variation in the encounter
probability, following a factorial design with 2 levels of
sampling occasions (t ¼ 5, 10), 3 levels of N (100, 500,
1,000), 4 levels of median p (0.1, 0.2, 0.4, 0.6 on the real
probability scale), and 4 levels of sp (0, 0.5, 1, 2 on the logit
normal scale), resulting in a design space consisting of 96
(2344) simulation scenarios. We assumed individual pi
was constant over t sampling occasions. Because the
individual random effect was simulated on the logit-normal
scale, the distribution of the resulting pi on the backtransformed (0,1) probability scale is asymmetrical (except
for median p ¼ 0.5; Fig. S1, available online in Supporting
Information), and median p is the value for which half the
animals have a lower detection probability, and half have a
larger detection probability (Table 1).
At each design point, we simulated 1,000 replicates using
Program MARK, with 4 Huggins models estimated following
the naming conventions of Otis et al. (1978): Mt, M0, MtRE,
326

Table 1. Expected values of mean detection probability of the population,
E(p), with standard deviation in parenthesis for the scenarios simulated
over the range of median detection probability (p) and standard deviation of
the distribution of individual heterogeneity (sp). Note the mirror images of
the values around 0.5 for median p ¼ 0.4 and 0.6. As sp increases for all
median p > 0, the expected value approaches 0.5; at the limit (sp very
large), half of the individuals will be caught with probability 1.0 (effective
p ¼ 1.0), and half will never be caught (effective p ¼ 0.0), with an average
E(p) ¼ 0.5.
sp
Median p
0.1
0.2
0.4
0.6

0
0.1
0.2
0.4
0.6

0.5

(0)
(0)
(0)
(0)

0.109
0.211
0.405
0.595

(0.049)
(0.081)
(0.114)
(0.114)

1
0.134
0.239
0.417
0.583

(0.113)
(0.162)
(0.204)
(0.204)

2
0.203
0.300
0.439
0.561

(0.237)
(0.281)
(0.311)
(0.311)

and M0RE, where the t subscript indicates time dependence in
the encounter probability, and the RE subscript corresponds to
the random effects model described above. We use MtRE and
M0RE, rather than the more generic Mh notation (Otis et al.
1978), to make it explicit that we are using an individual
random effects (RE) approach, in conjunction with classical
M0 or Mt model ultrastructure to account for encounter
heterogeneity.
For each of the estimating models, we computed the
percent relative bias (PRB) of a parameter as:
PRBðuÞ ¼



100  Eð^uÞ  u
u



^ ; s^ p for
with Eð^uÞ computed as the mean of the estimates N
1,000 replicates (because of division by zero when sp ¼ 0 we
report bias in estimated s^ p for sp > 0 only). The distribution
^ was frequently strongly skewed, especially for higher
of N
values of sp, with a long tail of high values, such that the
mean overestimated the most likely outcome of our
simulations. The distribution of s^ p was similarly skewed,
^:
although the skew was generally less than observed for N
Thus, we also report percent relative difference
of the median
 
 
^ and s^ p , as PRMD N
^ and PRMD s^ p ;
value of both N
respectively. In addition, we summarized the Fletcher (2012)
estimator of over-dispersion, ^c , as a mean, and percentiles
90% and 95% to assess the effectiveness of this estimator.
^ assuming a
We computed 95% confidence intervals for N
log-normal distribution as lower confidence bound ¼
^  M tþ1 Þ=C þ M tþ1 , upper confidence bound ¼
ðN
^
ðN  M tþ1 Þ  C þ M tþ1 ; and
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9
u 2
! 2 3>
u
=
^
SEð
N
Þ
u
5
C ¼ exp 1:96  tln41 þ
>
>
N  M tþ1
:
;
8
>
<

We computed confidence interval coverage as the percentage
of confidence intervals that covered true N, although this
procedure does not perform well for the simulation scenarios
with p ¼ 0.6 because the probability of detecting all N animals
is 0.99 for 5 occasions and effectively 1 for 10 occasions.
We constructed likelihood ratio tests for 1) M0RE (the true
model under which the simulated data were generated)
The Journal of Wildlife Management
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versus the null model of M0, and 2) MtRE versus the null
model of Mt to test for statistical significance of individual
heterogeneity. We computed the rejection rate of these tests
(test size for sp ¼ 0 test power for sp > 0). However, because
the null hypothesis of both of these tests is on the boundary
of the parameter space, classical inference no longer holds
(Self and Liang 1987). The asymptotic null distribution of
the likelihood ratio test is a 50:50 mixture of x2 distributions
with 0 and 1 degrees of freedom (Stram and Lee 1994).
Therefore, following Gimenez and Choquet (2010), we
computed a corrected version of the test, although we also
computed a na€ıve version for comparison to evaluate the
necessity of the correction.

RESULTS
The random effects estimators M0RE and MtRE showed little
^ except at the lower levels of the encounter probability,
bias of N
p. The bias was much more pronounced for 5 occasions
compared to 10 occasions, and for N ¼ 100 compared to
N ¼ 500 or N ¼ 1,000 (Fig. 2a, left-hand panels). The
sampling distribution from these estimators was highly
skewed, especially at the design point with 5 occasions and
^ , which
p ¼ 0.1, producing some very large estimates of N
inflated the estimate of the mean PRB. This reflected the
marked non-linearity of the back-transformation of the
distribution of the encounter probabilities from the logitnormal scale, which were symmetrical around mp, to the real
probability scale, where the distribution was often strongly
asymmetrical with respect to E(p), especially for low p (Fig. S1,
available online in Supporting Information). However, with
the percent relative median difference (Fig. 2b, left-hand
panels), the performance of these estimators was still
reasonable even for the worst cases of bias.
In contrast, as was expected, the bias of the M0 and Mt
models was consistently negative, and increased rapidly with
increasing levels of heterogeneity with sp (Fig. 2, right-hand
panels). In contrast, the heterogeneity parameter sp was
estimated with little bias; the mean (Fig. 3) and median
estimates both were generally quite close, reflecting markedly
less skew in the distribution of s^ p as compared to the
^ : The small bias observed for sp ¼ 0 (Fig. 3)
distribution of N
is due to the use of a log link to estimate sp because the log
link forces sp > 0.
In either case, the magnitude and direction of bias (Fig. 2a)
and the percentage difference in median N (Fig. 2b) were
virtually identical between models based on M0 (i.e., no time
variation in p) or Mt (i.e., time variation in p). This result is
consistent with Seber (1982:164) who originally noted that
even when the generating model is M0, there is no gain in
reduced bias or, in fact, increased parsimony, by using model
M0 instead of model Mt (see also Borchers et al. 2002).
Generally, confidence interval coverage of N appeared close
to the nominal 95% expected. Coverage of the 95%
confidence interval for N appeared to be imperfect for
p ¼ 0.6, and even somewhat for p ¼ 0.4, particularly for 10
occasions (Fig. 4). The reason for this observed poor coverage
is that the detection probabilities are so high that effectively
all of the animals are encountered. When this occurs, the
White and Cooch
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log-normal confidence intervals always fail to cover the
true N. As an example, for 10 occasions, sp ¼ 0, and p ¼ 0.6,
the probability of detecting an individual is 1–(1–
0.6)10 ¼ 0.9989. As sp increases, this high probability
declines because some animals have considerably lower
detection probabilities and are not encountered, and so the
log-normal confidence interval procedure demonstrates
better performance. Thus, performance of the log-normal
confidence interval procedure seems adequate with the
random effects models. As was expected, confidence interval
coverage for M0 and Mt models declined with increasing sp
because of the increasing bias of these estimators (Fig. 2).
The Fletcher (2012) estimator ^c showed negligible bias for
the random effects models M0RE and MtRE (Fig. 5). As sp
and the number of occasions increased, the value of ^c
increased for models M0 and Mt, illustrating the usefulness of
this estimator in detecting individual heterogeneity. The
90th and 95th percentiles (Fig. 6) for models M0RE and
MtRE provide guidelines on how large ^c might be just by
chance.
The size of the likelihood ratio tests for individual
heterogeneity was close to the nominal a ¼ 0.05 (Fig. 7),
and power increased with increasing sp, number of occasions,
population abundance, and median p. All the tests nearly
always rejected the null hypothesis for sp ¼ 2, which
represents fairly extreme individual heterogeneity. However
even for sp ¼ 1, the test power was still nearly 100% for 10
occasions, and close to 100% for 5 occasions and N  500. As
expected, the na€ıve test without the correction showed just
slightly less power to detect an effect (Fig. 7).
Direction of Bias: M0 Versus M0RE
Estimates from a model that assumes equal encounter
probabilities at a particular sampling occasion (i.e., models
M0, Mt) when in fact there is individual heterogeneity will be
negatively biased because individuals with a high encounter
probability are on average over-represented in the encountered sample, leading to a positive bias in average p , and
thus, an overall negative bias in estimated abundance. This is
precisely what we observed when fitting models M0 and Mt
to the data simulated with heterogeneity (Fig. 2, right-hand
panels). In contrast, the bias in mean PRB or PRMD from
fitting M0RE and MtRE to the simulated data was generally
positive (Fig. 2, left-hand panels), suggesting that estimates
of average p are negatively biased, at least for some of the
simulated samples.
To understand why this might be the case, we consider
one particular design point from our simulations in more
detail: true N ¼ 100, sp ¼ 0.5, median p ¼ 0.2, corresponding
to E(p) ¼ 0.211 (Table 1). Mean estimated N from model
M0RE was 112.30 (i.e., positive bias), and mean estimated
N for M0 was 91.337 (i.e., negative bias). Average Mt þ 1
was the same in either case because the same simulated
data were being analyzed under both models. If the mean
Mt þ 1 is the same under both models, then differences in
mean estimated abundance implies that average p differs
between the 2 models. This is precisely what is observed:
mean ^p ¼ 0:233 for M0 (i.e., positive bias with respect to
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^ , where relative bias is calculated as mean N
^  true N, as percentage of true N (a), and percent relative difference of
Figure 2. Percent relative bias of N
^ relative to true N (b) for 96 simulation scenarios with 1,000 replicates for each scenario. Each panel shows results for N ¼ 100, 500, and 1,000,
median of N
and occasions t ¼ 5 and 10 for each of the 4 models M0RE (no time variation in p, individual random effects), MtRE (time variation in p, individual random
effects), M0 (no time variation in p, no individual random effects), and Mt (time variation in p, no individual random effects). True median detection
probability (p) is plotted on the x-axis. The 4 lines on each panel show results for true standard deviation of distribution of individual encounter probabilities
sp ¼ 0, 0.5, 1, and 2.
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Figure 3. Mean of estimates of standard deviation of distribution of individual encounter probabilities, sp, from models M0RE (no time variation in encounter
probability, individual random effects) and MtRE (time variation in encounter probability, individual random effects) for 96 simulation scenarios with 1,000
replicates for each scenario. Each panel shows results for N ¼ 100, 500, and 1,000, and occasions t ¼ 5 and 10. True median detection probability p is plotted on
the x-axis, and mean sp on the y-axis. The 4 lines on each panel show results for sp ¼ 0, 0.5, 1, and 2.

E(p) ¼ 0.211), whereas mean ^p ¼ 0:192 for M0RE (i.e.,
negative bias with respect to E(p) ¼ 0.211). This negative
bias is the result of a strong left skew in the distribution of
^p from model M0RE, especially for designs with relatively
low number of sampling occasions, and low encounter
probabilities (Fig. 8 ).
In contrast, the frequency distribution from model M0,
although positively biased with respect to E(p), is notably
symmetrical around the mean, with little evidence for skew.
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When both the number of sampling occasions, and the
encounter probability, are higher (t ¼ 10, median p ¼ 0.4),
then the frequency distributions from models M0 and M0RE
are effectively identical (Fig. 8), with no bias in mean estimates
of ^p , and as a result, no bias in estimated abundance from
either model. Note that the frequencies are based on fitting the
2 different models to exactly the same set of simulated data.
It is clear (Fig. 8) that for some of the design points in our
simulations, model M0RE generates much lower estimates of
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Figure 4. Confidence interval coverage of N for 96 simulation scenarios with 1,000 replicates for each scenario. Each panel shows results for N ¼ 100, 500, and
1,000, and occasions t ¼ 5 and 10 for each of the 4 models M0RE (no time variation in p, individual random effects), MtRE (time variation in p, individual random
effects), M0 (no time variation in p, no individual random effects), and Mt (time variation in p, no individual random effects). True median detection probability
(p) is plotted on the x-axis, and coverage on the y-axis. The 4 lines on each panel show results for true standard deviation of distribution of individual encounter
probabilities sp ¼ 0, 0.5, 1, and 2.

^ , than does model
^p , and thus positively biased estimated of N
M0 for the same data sets. Superficially, this negative bias in p
for model M0RE seems inconsistent with the overall
expectation that heterogeneity will tend to positively bias
the mean encounter probability from the sample (Fig. 1). All
other things being equal, if sp goes up, we might anticipate
that E(p) should also increase (Table 1).
However, if we plot estimates of the mean value of s^ p for each
of the discrete frequency bins (0.02) used for ^p (Fig. 8), for a
design point with a low number of sampling occasions (t ¼ 5),
and low encounter probability (median p ¼ 0.2), where the skew
in the distribution of ^p was most pronounced (Fig. 8), we find a
strong inverse relationship between the estimate of p and mean
s^ p (Fig. 9a). For simulations where estimated ^p > 0:211; s^ p <
0:5 (true s p ¼ 0:5), whereas for simulations where estimated
^p < 0:211; s^ p > 0:5, with s^ p increasing rapidly with decreasing ^p . In contrast, for t ¼ 10 occasions, median p ¼ 0.4, where
the likelihood of encountering
every simulated individual
at least


once is very high p ¼ 1  ð1  0:4Þ10 ﬃ 0:99 , s^ p did not
vary systematically with ^p , and was essentially constant at true
s p ¼ 0:5 (Fig. 9b).
Clearly, for some simulated data sets, Gaussian–Hermite
integration in model M0RE results in either 1) very low
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estimates of ^p , relative to E(p), and high estimates of s^ p ,
relative to true s p under which the data were simulated, or 2)
estimates of ^p that are somewhat higher than E(p), with
corresponding estimates of which are lower than the true
value. Both situations tend to occur only under circumstances
with low number of sampling occasions, particularly when
combined with low probability of encounter. In that case, the
former situation (i.e., low estimates of ^p and high estimates
of s^ p ) occur more often that the opposite situation, as
represented by the strong left skew in the distribution of
^p (Fig. 8). As noted by Morgan and Ridout (2008), when a
significant amount of the mass of the encounter probability
is nearer 0, occasionally extremely large estimates of N
can result, which will strongly positively bias mean PRB.
Further, Borchers (1996) showed that conditional (Horvitz–
Thompson) estimators can exhibit severe positive bias when
true encounter probabilities are low and sample size is not very
big. Norris (2012) has considered approaches to penalizing the
likelihood to mitigate this bias.
Although it is difficult to precisely characterize when
Gaussian–Hermite integration will result in low estimates of
^p , and high estimates of s^ p (or, for that matter, when it will
yield higher than expected estimates of ^p , with lower
The Journal of Wildlife Management



81(2)

Figure 5. Mean of the Fletcher (2012) estimator (^c ) for 96 simulation scenarios with 1,000 replicates for each scenario. Each panel shows results for N ¼ 100,
500, and 1,000, and occasions t ¼ 5 and 10 for each of the 4 models M0RE (no time variation in p, individual random effects), MtRE (time variation in p,
individual random effects), M0 (no time variation in p, no individual random effects), and Mt (time variation in p, no individual random effects). True median
detection probability (p) is plotted on the x-axis, and mean ^c on the y-axis. The 4 lines on each panel show results for true standard deviation of distribution of
individual encounter probabilities sp ¼ 0, 0.5, 1, and 2.

estimates of s^ p ), it is reasonable to predict that the encounter
histories in either case are over-sparse (i.e., too many
individuals in the sample that are observed only once) or
over-saturated (i.e., too many individuals in the sample that
are observed more than once, or, too few observed only once),
respectively. A superficial examination of the simulated
encounter histories appears to support this conclusion. A
more rigorous but somewhat ad hoc approach to addressing
this hypothesis is to evaluate the relationship of the mean of
the calculated Fletcher ^c values as a function of mean s^ p .
Recall that the Fletcher ^c is based on departures from the
expected frequency of encounter histories in the sample,
under multinomial expectations, and as such, we expect it to
reflect certain systematic differences in the structure of our
simulated encounter data. In fact, consistent with our
hypothesis, there is a strong positive correlation between the
2 (Fig. 10); for samples where the encounter histories had
significant lack of fit (i.e., Fletcher ^c was either above or
below 1), there was a corresponding deviation of s^ p relative
to the true value. We believe these results are important
because they suggest that for situations where true
abundance, number of sampling occasions and encounter
probabilities are all low, such that there may be too many or
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too few individuals encountered only once in the encounter
history data, there will be a tendency for estimates of
abundance from model M0RE to be biased high, whereas for
the same data, estimates from model M0 (i.e., assuming there
is no heterogeneity in the encounter data) will tend to be
biased low.

DISCUSSION
Assessing performance of a statistical method requires
comparing estimates of 1 parameters against some data
generated for known true value(s) of the parameter(s). The
data for these evaluations can be either from empirical studies
where the true value is known (Edwards and Eberhardt 1967,
Greenwood et al. 1985, Conn et al. 2006, Grimm et al.
2014), or based on numerical simulation (Norris and Pollock
1996, Chao et al. 2001, Borchers et al. 2002). In this study,
we have considered the performance of models for
abundance estimation from closed populations in the
presence of individual heterogeneity in the probability of
encounter. Such heterogeneity is likely ubiquitous, to some
degree, and leads to significant bias in estimates of abundance
in many cases. Our approach was to account for the
heterogeneity by integrating out individual differences using
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Figure 6. The 90th and 95th percentiles of the Fletcher (2012) goodness-of-fit estimator (^c ) for 96 simulation scenarios with 1,000 replicates for each scenario.
Each panel shows results for N ¼ 100, 500, and 1,000, and occasions t ¼ 5 and 10 for each of the percentile levels, and 2 models M0RE (no time variation in p,
individual random effects), and MtRE (time variation in p, individual random effects). True median detection probability (p) is plotted on the x-axis, and mean ^c
on the y-axis. The 4 lines on each panel show results for true standard deviation of distribution of individual encounter probabilities sp ¼ 0, 0.5, 1, and 2.

Gaussian–Hermite quadrature, which has been implemented
in several software applications (Program MARK, White
and Burnham 1999; Program E-SURGE, Choquet et al.
2009; R package multimark, McClintock 2015).
Overall, our results indicate that closed population
abundance estimates based on numerical integration using
Gaussian–Hermite quadrature were generally unbiased,
except for extreme cases of sparse data determined by
relatively low encounter rates (p  0.1), low number of
sampling occasions (t  5), or both. This was in marked
contrast to estimates from models that did not account for
individual heterogeneity, which were strongly negatively
biased, even for a fairly large number of sampling occasions
and moderate encounter probabilities. One reason the
Gaussian–Hermite quadrature was very good at accounting
for heterogeneity in our analysis is because our simulated
encounter data were based on a logit-normal generating
model; Gaussian–Hermite quadrature is optimal when the
probability density function for the data is normal Gaussian.
Although it remains to be determined how well this
approach would work if the distribution of encounter rates
was strongly asymmetric, the underlying model of normally
distributed individual random effects on the logit scale for p
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provides a more realistic biological model of heterogeneity
than Pledger (2005) mixture models when individual
heterogeneity is thought to occur over a continuous scale
rather than a discrete set of mixtures. One extension to
consider would be to apply the logit-normal random effect
separately to discrete mixtures in a Pledger model, creating a
hybrid of the Pledger model and the random effects model
applied in this paper. Such an approach has been considered
for analysis of species richness data (Daley and Smith 2016).
^ Þ from 5 to 10 occasions suggest that
The decline in PRBðN
the random effects estimators can provide unbiased estimates
for low P values if enough occasions are available and the
estimating model is the same as the model generating the
data. This is positive news for surveys such as camera surveys
of individually identifiable animals where detection probabilities are often low (i.e., <0.01/occasion). However, the flip
side is that typical small-mammal trapping studies with
5 occasions will likely not detect important individual
heterogeneity. As noted earlier, we have not simulated
scenarios where the model generating the data is not a logitnormal model, so we cannot speak to how well the logitnormal estimator might perform if other models are used to
generate data. Further, we also assumed that individual
The Journal of Wildlife Management
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Figure 7. Estimated likelihood ratio test power or size for true standard deviation of distribution of individual encounter probabilities, sp ¼ 0, of the null
hypothesis of no individual heterogeneity for 96 simulation scenarios with 1,000 replicates for each scenario. Each panel shows results for N ¼ 100, 500, and
1,000, and occasions t ¼ 5 and 10 for each of the 2 tests of models M0RE (no time variation in p, individual random effects) versus M0 (no time variation in p, no
individual random effects) and MtRE (time variation in p, individual random effects) versus Mt (time variation in p, no individual random effects), for both the
na€ıve uncorrected test and for the corrected test following Gimenez and Choquet (2010). True median detection probability (p) is plotted on the x-axis, and
mean likelihood ratio on the y-axis. The 4 lines on each panel show results for true standard deviation of distribution of individual encounter probabilities sp ¼ 0,
0.5, 1, and 2.

encounter probability is constant over occasions; in particular, we assumed that individual encounter probabilities were
not influenced by the encounter process (i.e., no effects of
initial encounter on subsequent encounter behavior). Chao
and Hsu (2000) reported that under heterogeneity and
effects of initial encounter (i.e., trap effects), there could be
significant differences in estimates between the conditional
(Huggins) and unconditional likelihood estimators for
abundances, whereas Fewster and Jupp (2009) reported
the 2 approaches were near equivalent under heterogeneity
alone.
Several approaches are available to assess the significance of
individual heterogeneity in a single survey, and whether the
individual random effects estimators are preferred over
estimators assuming no individual heterogeneity. First, the
estimate of sp and its standard error provide inference on
individual heterogeneity. Second, the Fletcher (2012) estimator ^c shows good potential to detect individual heterogeneity
(Figs. 5 and 6). Third, the likelihood ratio tests described by
Gimenez and Choquet (2010) show excellent power to detect
White and Cooch
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individual heterogeneity (Fig. 7). Note that comparing models
M0 and Mt to M0RE and MtRE using Akaike’s Information
Criterion (AIC) is not appropriate because the parameter sp is
at the boundary of zero. Once the structure of the random
effects has been selected via likelihood ratio tests (Fig. 7),
standard model selection procedures using AIC or its
derivatives can be used to determine a structure on fixed
effects, for example, comparing p(t) versus p(.).
Link (2003, 2004) pointed out that various models of
individual heterogeneity can fit a set of data identically, or
nearly so, and provide widely different estimates of N. Thus,
the choice of a model for individual heterogeneity should
be based on biological explanations of what might be
happening, and not just blindly follow automated model
selection procedures, which will not be useful when multiple
models fit the data equally well. Estimation of abundance
when individual heterogeneity is hypothesized requires
model-based inference, so careful consideration of models
that are appropriate for the biology is required for model
selection.
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Figure 8. Comparison of frequency distribution of estimated encounter probabilities over 1,000 simulations, from model M0 (no time variation in p, no
individual random effects) versus model M0RE (no time variation in p, individual random effects), as a function of the number of encounter occasions (t ¼ 5 or
10) and median detection probability (p ¼ 0.2 or 0.4). True standard deviation of distribution of individual encounter probabilities, sp ¼ 0.5, and N ¼ 100. Solid
vertical lines indicate mean estimate of p overall all simulations, for both models. Dashed vertical line indicates true mean detection probability of the population,
E(p), given median p used in the simulation.

The Huggins individual random effects estimator has been
implemented in Program MARK for robust designs, multistate robust designs, Pradel robust designs, and the Ivan et al.
(2013) density estimators. Detailed descriptions of these
advanced models are provided in Cooch and White (2016).
The data simulator in Program MARK provides users the
ability to evaluate bias and confidence interval coverage for
their applications using these models.
In addition, design of studies can be conducted using
simulations to assess performance of estimators given
expected specifications for prospective studies. The primary
issue with using the individual random effects estimator in
these more complex models is obtaining an adequate number
of occasions to be able to estimate sp. A lower level of >5
occasions is likely necessary to achieve reasonable performance of this estimator. To visualize why 5 occasions are
usually required, consider that the effect of individual
heterogeneity is to increase the proportion of animals caught
few and many times, and to decrease the proportion of
animals encountered an average number of times. In effect,
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the histogram of number of encounters is lowered in the
middle, and raised in the tails (Fig. 8 and 9). To detect this
effect requires a reasonable number of occasions, with the
more the better.

MANAGEMENT IMPLICATIONS
Individual heterogeneity is a common source of bias causing
capture-mark-reencounter estimates of population abundance
to be biased low. We have demonstrated that Gaussian–
Hermite quadrature to numerically integrate out individual
random effects is an effective approach to eliminate this bias
when an adequate number of capture occasions are available
and detection probabilities are relatively high. To have much
hope of estimating abundance with little bias, encounter
probability must be relatively high. In sampling situations with
low p, and low number of samples (the worst-case scenario), the
investigator will need to be aware of the potential for biased
estimates, and evaluate whether not the direction of bias
(which reflects the estimator) is important in the applied
context. For example, for management of small, threatened
The Journal of Wildlife Management
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populations, the potential ramifications of under-estimating
(negative bias) or over-estimating (positive bias) abundance are
clearly of some importance.
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ERRATUM
White, G. C., and E. G. Cooch. 2016. Population abundance estimation with heterogeneous encounter probabilities using
numerical integration. Journal of Wildlife Management 81:322–336.
The equation for p (the probability of being detected 1 time during t sampling occasions) shown on page 325 should be
pi
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